We obtain a class of oscillation modes with damping and absorption that are connected to the classical harmonic oscillator modes through the supersymmetric one-dimensional matrix procedure similar to relationships of the same type between Dirac and Schrödinger equations in particle physics. A single coupling parameter characterizes both the damping and absorption features of these modes, which in the zero limit of the parameter turn into the known modes of the problem. PACS Number(s): 03.20.+i, 11.30.Pb 1. Factorizations of differential operators describing simple mechanical motion have been only occasionally used in the past, although in quantum mechanics the procedure led to a vast literature under the name of supersymmetric quantum mechanics initiated by a paper of Witten [1] . However, as shown by Rosu and Reyes [2] , for the damped Newtonian free oscillator the factorization method could generate interesting results even in an area settled more than three centuries ago. In the following, we apply some of the supersymmetric schemes to the basic classical harmonic oscillator. In particular, we show how a known connection in particle physics between Dirac and Schrödinger equations could lead in the case of harmonic motion to a class of modes depending on one more parameter, denoted by K in this work, besides the natural circular frequency ω 0 . The parameter characterizes both the damping and the absorption of the partner modes.
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2.
The harmonic oscillator can be described by one of the simplest Riccati equation
where the plus sign is for the normal case whereas the minus sign is for the up side down case. Indeed, employing u = w ′ w one gets the harmonic oscillator differential equation
with the solutions
where W ± and ϕ ± are amplitude and phase parameters, respectively, which can be ignored in the following.
The particular Riccati solution of Eq. (1) are
It is well known that the particular Riccati solutions enter as nonoperatorial part in the common factorizations of the second-order linear differential equations that are directly related to the Darboux isospectral transformations [3] . Thus, for Eq. (2) one gets (
To fix the ideas, we shall use the terminology of Witten's supersymmetric quantum mechanics and call Eq. (3) the bosonic equation. On the other hand, the supersymmetric partner (or fermionic) equation of Eq. (3) is obtained by inverting the factorization brackets
which is related to the fermionic Riccati equation
where the free term ω 2 f is the following function of time
The solutions (fermionic zero modes) of Eq. (4) are given by
and thus present strong periodic singularities in the first case and just one singularity at the origin in the second case.
Using the Pauli matrices
we write the matrix equationD
where W = w 1 w 2 is a two component spinor. Eq. (6) is equivalent to the following decoupled
Solving these equations one gets w 1 ∝ ω 0 / cos(ω 0 t) and w 2 ∝ ω 0 cos(ω 0 t) for the κ = 1 case and w 1 ∝ ω 0 /sinh(ω 0 t) and w 2 ∝ ω 0 sinh(ω 0 t) for the κ = −1 case. Thus, we obtain
This shows that the matrix equation is equivalent to the two second-order linear differential equations of bosonic and fermionic type, Eq. (2) and Eq. (4), respectively, a result quite well known in particle physics. Indeed, a comparison with the true Dirac equation with a Lorentz scalar potential S(
shows that Eq. (6) corresponds to a Dirac spinor of 'zero mass' and 'zero energy' in an imaginary scalar 'potential' iu p (t). We remind that a detailed discussion of the Dirac equation in the supersymmetric approach has been provided by Cooper et al [4] in 1988. They showed that the Dirac equation with a Lorentz scalar potential is associated with a susy pair of Schroedinger Hamiltonians. This result has been used later by many authors in the particle physics context [5] .
4.
We now come to the main issue of this work. Consider the slightly more general Dirac-like equationD
where
K is a (not necessarily positive) real constant. In the left hand side of the equation, K stands as a mass parameter of the Dirac spinor, whereas on the right hand side it corresponds to the energy parameter. Thus, we have an equation equivalent to a Dirac equation for a spinor of mass K at the fixed energy E = K. This equation can be written as the following system of coupled equations
The decoupling can be achieved by applying the operator in Eq. (13) 
whereas the bosonic component fulfills 
The solutions of the bosonic equations are expressed in terms of the Gauss hypergeometric functions 2 F 1 in the variables y = e iω 0 t and y = e ω 0 t , respectively w + 2 (y; α + , β + ) = α + y −ip
and w
respectively. The parameters are the following:
whereas α ± and β ± are superposition constants. Plots of the real and imaginary parts of w
are presented in Figures (1) and (2), respectively.
The fermionic zero modes can be obtained as the inverse of the bosonic ones. Thus
A comparison of w + 1 with the common 1/ cos t fermionic mode can be seen in Figures (3) and (4).
In the small K regime, K ≪ ω 0 , one gets
and
For K = 0, the cosine and hyperbolic sine functions, respectively, are obtained.
5.
In conclusion, by a procedure involving the supersymmetric (factorization) connection between the Dirac-like equations and the simple second-order linear differential equations of harmonic oscillator type, a class of classical modes with a Dirac-like mass parameter describing their damping and absorption (dissipation) has been introduced in this work. While for the zero value of the 'Dirac mass' parameter the highly singular fermionic modes are decoupled from their normal bosonic harmonic modes, at nonzero 'mass' a coupling between the two types of modes is introduced at the level of the matrix equation. These interesting modes are given by the solutions of the Eqs. (14) -(17) of this work and are expressed in terms of hypergeometric functions. We finally notice the analogy of the nonzero K oscillator case with the phenomenon of diffraction of atomic waves in imaginary crystals of light [6] . In fact, the K parameter is equivalent to the Q parameter introduced by Berry and O'Dell in their study of imaginary optical gratings. Roughly speaking, the nonzero K modes could ocurr in an imaginary crystal of time. 
